We show that there is an order-preserving embedding of the additive group of rational numbers Q into a 2-generator group G. The group G can be chosen to be a solvable group G of length 3, which is a minimal result in the sense that it cannot be chosen to be neither solvable of length 2, nor a nilpotent group. For any non-trivial word set V ⊆ F ∞ there is an order-preserving verbal embedding of Q into a 2-generator group G. The embeddings constructed are subnormal.
be V -verbal if the isomorphic image of H under this embedding lies in the verbal subgroup V (G) (see definition below). Thus, the concept of V -verbal embedding, suggested by Heineken [2, 4, 3] , is the wide generalization of the notion of embedding into the commutator subgroup, embedding into the member of the lower central series, embedding of the n'th derived subgroup, etc.. See also recent research on verbal embeddings in [8] [9] [10] [11] [12] [13] [14] [15] [16] .
Another property of the embedding we deal with is how "economical" it can be in the following sense. The 2-generator group G, into which Q is embedded, is a solvable group of length 3. We show that G cannot be replaced neither by a finitely generated nilpotent group of any class, nor by a finitely generated solvable group of length 2 (that is, by any finitely generated metabelian group). The latter fact continues Neumann's example of Lemma 5.3 in [18] : the quasi-cyclic group Z(p ∞ ) is an example of an infinitely generated abelian group, which cannot be embedded into a finitely generated metabelian group.
Since the notions used in this paper not always have standard definitions or notations in the literature, we bring here a brief list of definitions and references to the sources, where the detailed information and main properties can be found.
The group G is fully ordered, if a linear order relation < is defined on G, such that for arbitrary elements g 1 , g 2 ∈ G, g 1 < g 2 implies g 1 x < g 2 x and xg 1 < xg 2 for any x ∈ G. In the literature these days it is familiar to call the fully ordered groups "linearly ordered groups", but we use the older terminology because here we use a few other linear order relations also, and some difference in terminology is useful. An embedding ϕ of the fully ordered group H into the fully ordered group G is said to be orderpreserving, if for any h 1 , h 2 ∈ H the relation h 1 < h 2 holds in H if and only if ϕ(h 1 ) < ϕ(h 2 ) holds in G. For more information about fully ordered groups see [17, 6, 7] .
Cartesian wreath product A Wr B of two groups A and B is the semidirect product B ⋌ A B , where A B is the set of maps from B to A, and B acts on A B by the rule: for arbitrary f :
For more information about wreath products we refer to [19] .
For a group G and for a word set V ⊆ F ∞ the V -verbal subgroup V (G) of G is the subgroup generated by all substitutions v(g 1 , . . . , g n ) ∈ G for all words v(x 1 , . . . , x n ) ∈ V and for all elements g 1 , . . . , g n ∈ G. When it is clear from context which word set V is assumed, we call the V -verbal subgroup a verbal subgroup. The variety corresponding to V is the variety generated by the factor group F ∞ /V (F ∞ ) or, in other words, the set of all groups for which any v(x 1 , . . . , x n ) ∈ V is an identity. A word set is said to be non-trivial if V (F ∞ ) = {1}. For more information about word sets, varieties, identities see [19] .
An embedding ϕ of the group H into the group G is said to be subnormal,
2 The order-preserving explicit embedding construction
The following is the main theorem of the current paper:
There is an order-preserving subnormal embedding of the additive group of rational numbers Q into a fully ordered 2-generator group G. The group G can be chosen to be a solvable group G of length 3.
Before giving the description of the embedding of Q with the mentioned properties, let us state a lemma which we will use later on. Lemma 1. Let A and B be fully ordered groups and X ≤ A Wr B. If for each bϕ ∈ X, supp(ϕ) is well-ordered, then X can be fully ordered.
Let U 1 be the subset of the union supp(φ 1 ) ∪ supp(φ 2 ) consisting of elements b for which φ 1 (b) < φ 2 (b). Since supp(φ 1 ) and supp(φ 2 ) are wellordered, U 1 has a least element u 1 . Similarly define U 2 of elements U 2 of elements φ 2 (b) < φ 1 (b) and take its least element u 2 . Since B is fully ordered, its order is linear and either u 1 < u 2 , in which case φ 1 < φ 2 , or u 2 < u 1 , in which case φ 2 < φ 1 . The only exception is the case when φ 1 = φ 2 , of course. Thus, the order < is linear on X.
We must show that this order is also full order. Let us take an arbitrary element b 3 ϕ 3 ∈ X and show that if
If b 1 < b 2 then this is obvious. So we need to consider the case when
Hence it is sufficient to show that
and ϕ
We have:
hence (*) is proved. And also:
hence (**) is also proved. So Lemma 1 is proved. Remark 1. In the proof of the Lemma 1 we not only proved that the subgroup X can be fully ordered, but also suggested an explicit group order. Also, if the intersection of X and the first copy of A in AWrB contains
Remark 2. The requirement of being well-ordered of support in the statement of Lemma 1 is necessary. Moreover, it is true that the wreath product of two infinite groups can not be fully ordered [17] .
Bellow we have constructed an embedding of Q into a 2-generator subgroup of W = (Q Wr C) Wr Z, where C = c is an infinite cyclic group generated by c, and Z = z is an infinite cyclic group generated by z.
Firstly, for each positive integer n, choose in the base subgroup Q C of the Cartesian wreath product Q Wr C the elements ϕ n and τ n :
The reason of such selection is in the following relations:
The first of the relations (1) trivially follows from
The second of the relations (1) trivially follows from the fact that Q C is abelian.
In the base subgroup (Q Wr C) Z of W , take an element α defined as
Put G = α, z and define the embedding Φ :
That Φ is a homomorphism and an injection could be checked directly. But to avoid very long calculations, we consider the structure of the commutator [α z −n , α] first:
This means that [α z −n , α] is nothing else but the image φ * n of the coordinate element ϕ n in the "the first copy" of the group QWrC in W :
Therefore the elements
do form a subgroup isomorphic to Q in G, and the mapping Φ is injective.
Finally, it easily follows from the equalities
that Φ is a homomorphism. Each element of G can be presented in the form
which follows from the fact that
Let us denote the product of α-factors of (2) byα.
It is clear that G ≤ T Wr Z, where T = c, τ i | i ∈ Z, i > 0 and supp(α) is well-ordered. Hence, by Lemma 1, in order to show that G is fully ordered with order relation defined in the proof of Lemma 1, we only need to show that T is fully ordered.
Similarly to 2 each element of T can be presented in the form:
) n and from the fact that (τ c kp ip ) np commutes with (τ c kq iq ) nq , where 1 ≤ p, q ≤ m. Obviously T is a subgroup of Q Wr C, If we denote the product of τ -factors of (3) byβ, theñ
Note that we not only proved that G is fully ordered, but also suggested an explicit order relation. Indeed, we firstly embedded Q into a countably generated subgroup T of Q Wr C, then embedded T into a 2-generator subgroup G of (Q Wr C) Wr Z and it follows from (3) and Lemma 1 that the first embedding preserves full order, and it follows from (4) and Lemma 1 that the second embedding also preserves full order. The embedding Φ of Q into G described above is subnormal. As a subgroup of an abelian group φ n | n ∈ N is normal in the first copy of Q in Q Wr C, the first copy is normal in Q C , and Q C is a normal subgroup of Q Wr C. Hence Q Φ = φ * n | n ∈ N is subnormal in the first copy of Q Wr C in (Q Wr C) Wr Z. Therefore, Q Φ is subnormal in G, because the first copy of Q Wr C in (Q Wr C) Wr Z is subnormal subgroup of (Q Wr C) Wr Z.
And G is a solvable group of length at most 3 since (Q Wr C) Wr Z is a solvable group of length 3.
This concludes the proof of Theorem 1.
Additional properties of the embedding
Now we will examine additional properties of Q and G.
Property 1. G is torsion free.
Proof. It follows from the fact that (Q Wr C) Wr Z is torsion-free group.
Product of two group varieties defined as a variety consisting of all extensions of a group from the first variety by a group of the second variety (see [19] ). As we know wreath product A Wr B of two groups A and B is an extension of the Cartesian product A B by B. Hence, the following property is true.
Property 2. G belongs to the variety AAA = S 3 , since Q, C and Z are abelian (by S 3 we denoted the variety of solvable groups of length 3). This means that G is a solvable group of length 3, as we noted in proof of Theorem 1. The propositions below show that here S 3 cannot be replaced by S 2 .
The following propositions show that the embedding of Q in G is the most economical, in the sense that Q cannot be embedded into nilpotent group, or in a metabelian group. Proposition 1. Q cannot be embedded into a finitely generated nilpotent group.
Proof. The fact follows from P.Hall's result [1] , which states that every finitely generated nilpotent group satisfies the maximal condition for subgroups. Thus every subgroup of such a group is finitely generated. Since Q is not finitely generated, it cannot be embedded into finitely generated nilpotent group. Proposition 2. Q cannot be embedded into a finitely generated metabelian group.
Proof. Suppose that the converse is true, that is to say Q is embedded into a finitely generated metabelian group G. Evidently, a finitely generated abelian group satisfies the maximal condition for subgroups, also by the P.Hall's result [1] , finitely generated metabelian groups satisfy the maximal condition for normal subgroups. Therefore the commutator G ′ is finitely generated and hence G ′ ∩ Q is finitely generated (therefore cyclic).
G/G ′ is a finitely generated abelian group, therefore the subgroup QG ′ /G ′ of G/G ′ also is finitely generated. But we have QG ′ /G ′ ≃ Q/G ′ ∩Q, which is not finitely generated because Q is not finitely generated. Contradiction.
The verbal embedding of Q
For definitions and basic facts about non-trivial word sets, verbal subgroups and embeddings see Introduction above and literature cited there.
Theorem 2. For any non-trivial set of words V there is an order-preserving subnormal embedding of the additive group of rational numbers Q into a fully ordered 2-generator group G.
For embedding construction purposes we need to find a fully ordered torsion free nilpotent group S with a non-trivial positive element a ∈ V (S), as it is done in [9] . As a such group we take S = F k (N c ), where c is the least integer, such that N c is not contained in the variety defined by V and k is such that S / ∈ var(F ∞ /V (F ∞ )). A full order relation can be defined in S (see [9] , we omit the routine details to much shorten the proof since the exact method of construction of that embedding is immaterial for purposes of this proof).
We take an arbitrary non-trivial element a ∈ V (S) = 1. In any case we can assume a to be positive (1 < a), for we always are in position to replace our order relation < by the inverse relation < −1 (for details see [9] ).
As an element of V (S) our element a has the presentation
where ε i = ±1, v i ∈ V, a ij ∈ S(i = 1, . . . , d; j = 1, . . . , t i ). Now let us consider the Cartesian wreath product Q Wr S and for each positive integer n define an element χ n and ψ n as follows:
Let us consider the subgroup of Q Wr S T = χ n , a ij | n ∈ N, i = 1, . . . , d; j = 1, . . . , t i Lemma 2. Let V be an arbitrary non-trivial word set and T = T (Q, V ) is that constructed above. Then:
(1) Q can be embedded in T such that its image lies in V (T ).
(2) T can be fully ordered, such that the order of Q will be preserved by the embedding.
Proof. For the proof of the first part we just need to notice that m n → ψ m n is an embedding of Q into T and ψ n = a −1 a χn ∈ V (T ), because a ∈ V (T ) and V (T ) is normal in T . For the proof of the second part let us take an arbitrary element of T
where k is some integer,
Obviously each element of T can be presented in this form. Also it is obvious that supp(x i ), i = 1, . . . , n is well-ordered. Now let us transform the presentation (5) to the from:
It is clear that supp(x
). Now the proof follows from the Lemma 1, by taking into the account the fact that a finite union of well-ordered sets is well-ordered (thanks to the fact that the active group of the wreath product is linearly ordered, since it is fully ordered).
For the later use let us note the following commutator identities:
The next step is to embed T into a subgroup of the Cartesian wreath product T Wr C, where C = c is an infinite cyclic group. Let us denote by ρ g the element of the first copy of T in base group T C corresponding to g ∈ T . In addition, define
Then [π g −1 , c] = ρ g and it is important to note that the first copy of T lies in the derived subgroup of the group
So we can embed T into D by the rule g → ρ g , for all g ∈ T . Now we should show that D can be fully ordered. Using the same transformation, that we have described above we can present every element of D in the form
It is easy to see that the support of the "right part" of D is well ordered, therefore by Lemma 1, D can be fully ordered. Now it can be checked directly, that the order described in the proof of Lemma 1 is preserved by the above described embedding.
Obviously D is countable. Let us enumerate the elements of D, such that D = {d 0 , d 1 , . . . , d n , . . . ; n ∈ N}.
Define an element ω in D Z : (see [9] ). Thus every element of the derived subgroup D ′ belongs to the derived subgroup of a 2-generator group, G = ω, z .
Now by using the same arguments as it was mentioned above, we can check that G can be fully ordered, such that the embedding of Q into G preserves the "natural" order of Q. Indeed, each element of G can be presented in the form
and (ω z k 1 ) n 1 · · · (ω z ks ) n s (z i ) = 1 T Wr C , if i < min{k 1 , . . . , k s }. Hence, supports of the "right parts" of the elements of G are well ordered, thus by Lemma 1 G can be fully ordered. Subnormality of the embedding of Q described in this section can be shown analogously to the similar property of the embedding from the Section 2, again by taking into account the fact that the first copy of the passive group is subnormal in wreath product.
This concludes the proof of Theorem 2.
Observing the steps of the embedding construction, it is easy to note that the 2-generator group G belongs to the variety AN c AA ⊆ S c+3 , therefore G is a solvable group of length at most c + 3.
